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Introduction. Let K be a ring with 1 and aek. If for avery bek

2 exlst r, heX such that ab=ra and ba=ah, then a is called
semicommutative. If every element of XK is semicommutative, then X
is called a semicommutative ring. Observe that every commutative
ring is semicommutative. Let S be a dirsct sunm of two noncommutati-
ve division rings. Then 5 is an example of a semicommutative ring
which is not commutative. The ring K is called wm-regular {1} if and
only if for every weK there exist n>l and yeK such that x"yx"=x" and
unit w-regular ring iff for every weK there exist%§21 and a unit u
of K such that »x"ux®™=u?,

Let R be a semicommutative ring. In this paper, we show that
all m-regular rings are unit 7-regular rings and the set Nil(R) of
all nilpotent elements of R is a two-sided ideal of R. We show that

R is a m~-regular ring iff R/Nil(R) is regular. Moreover, we show

that if 2 is a unit in a w-regular ring R, then every element of R
is a sum of two units in R.
Notations. Let S be a ring with 1. Then
1. Id(S) denotes the set of all idempotents of 3.

2. Nil(S} denotes the set of all nilpotent elements of S.
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3. U{R} denotes the set of all units of 5.

4. C(8} denotes the center of §.

(8.3
oy

(8} denctes the Jacobson radical of g.
6. If a,beS, then {(a,b} denctes the two-sided ideal of g
generated by a,b, and (a,b)sS denctes the right ideal of § generated
by a,b, and S{a,b) denotes the left ideal of S generated by a,b.
Let I be an ideal of $ and xeS. Then {x] denotes the

7

element x+I in R/I.
8. Let z¢S. Suppose for some X,¥€5, z is written as a

sroduct of powers of x and Y. Then we define E{z,Xx) to be the sSum

ed]

of exponents of x as they appeared in z, and (2,¥} to be the sum
cof exponents of y as they appeared in z. For example, if z:x3yx%?,
then E{z,x}=5 and Elg,yi=4.

Through out this paper, the capital letter R denotes a
semicommutative ring with 1.

Lemma 1. The set Nil(R) is a two-sided ideal of R.

Proof. Let x,yeNil{R). Then for some n,mzl, x"=y™=0. Consider
the expansion of (x+y)™". Let 2z be a term in the expansion. Then
E{z,x}+E(z,y)=n+n. suppose E(z,x}=k2n. Since R is semicommutative,
for some deR we have z=x d=0. Suppose E(z,y)=h<n. Then E(z,y)=w2m.

Since R is semicommutative, for some feR we have z=y¥f=0., Thus

(x+y)™ =0, Let qeNil(R), and a,beR. Then for some rzl, g'=0. Since
R is semicommutative, (agb)"=gq"e=0 for some eeR. Thus Nil(R}) is a
two-sided ideal of R.

Lemma 2. The set Td(R) is a subset of C(R).

Proof. Let ecId(R) and xeR. Then for some Y.2€R, ex=ye and
xe=ez. Hence exe=ye=ex and exe=ez=xe. Thus ex=xe and the proof is
complated,

Before stating the first major result, the following well-known

Lemma is needed.
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Lemma 3. Let XK be a ring with 1 and I be a two-sided nil ideal
of R. If [cleId(X/I), then there exists ecId(K) such that [ei=[c]
in K/I.

Proof. see (9],

Theorem 1. The ring R is w-regqular if and only if R/Nil(R} is

- Suppose R is w-regular. Let [%}€R/NLI1(R). Then for some

¥yx"=x". Thus esx"yeId(R) and therefore l-eeId(R).
Since l-eeC(R), {({l-e)x) = (1~e)x"=(1-x"y)x"=0. Thus (l-e}x =
(1-x"y)x € Nil(R). Thus gx}gx”‘y;fx}zgx“y;{x}:{XY‘

Suppose K=R/Nil(R} is regular. Let xeR. Then for some {[yleK,
(x][yi{xl={%] in K. Thus [xyleId(K). By Lemma 3, there exists
2eI1d(R) such that fel=[xy] in XK. Thus [elix]=[{x] in K. Hence
{e}{x}{y}n{xy%z{e} in K. Thus for sone weN1L(R), exy-e=w and
therefore exy=e+w in R. Since Nil(R)<J (R}, v=1l+weU(R). Hence
exy+l-e=v. Let u be the multiplicative inverse of v. Then
exyu+{l-eju=1. Thus e(exyu+(l-eju)=e. Hence exyu=e. Since
[elix]={x] in X, (l-e)xeNil(R}. Thus for some m21,
{({(l=e)x)7=(1-e)x™=0. Hence x"=ex". Since exyu=e, (exyu)"=e"=e, Since
R is semicommutative, for some deR we have (exyu)"™={ex)"d=e. Since
e€C(R), (ex)"d=ex"d=e. Since ex"=x", we have x"dx"=x". Thus R is 7~
reqular.

In the following theorem, we show that if for some ring K with
1 such that I4(K)<C(K) and xeK is regular, then x is unit regular.

Theorem 2. Let K be a ring with 1 such that Id(K)«C(k) and xeK
is regular, then % is unit regular.

Proof. If xyx=x, then ®Y,yx€ld(K) cC(K). Hence, Xy=X(yx}y=
ny}(yx)ry{xy)x:yx. Let us=x+xy-1 and vzxy+xy2-1. Since xy=yx and
XyX=X, we have uvsvu=xzy+x%ﬁ~x+(xy)2+xyxy2-xy~xy~xy2+lx

HERY =%y +xy =xy-xy~xy?+1=1. Moreover, ) k=1 y st n Py e xtey P g o wley
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A consequence of the above Theorem is the following Corollary.

corollary 1. Let K be a w-regular ring with 1 such that
TA(K)cC(K). Then K is unit w-regular. In particular, if R is
g-regular, then R is unit w-regular.

proof. Let weK. Then for some nxl, x" is regular. Hence, by

35}

Theorem 2, %' is unit regular. If R is 7-regular, then by Lemma 2
we have Id{R)c<C{R} and therefore the claim is evident.

Let a,b,xeR. Since R is semicommutative, axb=xd=fx for some
4,feR. Thus (a,b)={a,b)R=R{a,b}. In particular, if (a)=R, then
aeU(R). Also, observe that if [uleU(R/Ni11(R)}, then for some
[vieR/NLIL{R), [u}{v]={1] and hence uv=l+z for some zeNi1{R}. Since
Nil(R)eJ(R), 1+zeU(R) and therefore (u)=R. Thus ucU(R}. Hence
[uleU{R/Ni1(R}) if and only if ueU(R). Hence we have the following
Lemma.

Lemma 4. Let K=R/Nil(R) and ueR. Then [uleU(K)} if and cnly if
ueU (R} .

The second major result has to do with the structure of a 7~
regular ring R. We begin with the following Lenma.

Lemma 5. Let K be a unit regular ring ( i.e. For every xeK
there exists ueU(R) such that xux=x) and x¢K. Then x=ev for some
eeId(Ry and veU(R).

Proof. Let xe¥. Then for some uelU(K), wuw=x. Thus xueld{K). Let
v be the multiplicative inverse of u in K. Then x=xuv a product of
an idenmpotent and a unit of K.

Theorem 3. The ring R is w-regular if and only if for every xe¢R
there exist eeld(R), uegU(R), and weNil(R) such that x=eu+w.

Proof. Suppose R is w-regular. Let xe¢R. By Theorem 1,
K=R/Nil (R} 1s regular. Thus K is unit regular by Theorem 2. By
Lemma 4, [x]={c]{u] for some [c]eId(K} and [u]jeU(K). By Lemma 3,

there exists e€¢Id({R) such that [el=[c] in K and by Lemma 4 we have




©

SE;&’HCGMMUTATI\?E HI-REGULAR RINGS 155

UeU{R) . Thus [x}=[e](u} implying x-eu=w for some WeNLL{R}. Hence
X=eutw,

Let xeR such +that X=gu+w for some eeId (R}, ueU(R}), and
WeENLII(R). Then for scome nzl, w'=0. Consider the expansion of
"= {eu+w}". Obszerve that {eu)”=eu” since e£C(R) and that the sum of

the other terms are in Nil(R) and of the forn ed, deR, by

semicommutativity. But ed=e{ed}, so replacing d by ed we can assunme

deNi1(R}. Hence x"={eu+wi=eu"ted for some deNil (R). But utd=velU(Rr)

Hence x"=ev, Let r he the multiplicative inverse of v in R. Then

Example 1. Let K be a Principal Ideal Domain with 1, and m be
& nonzerc nonunit element of K. Then m:;a“pfg..,pj”. Where the a 'szl
and the p,'s are distinct primes in K. Let S=K/(m}j and I={pp,...p.)
an ideal of K. Then Nil{8)=I/(m). Thus S/NiIL(8)=K/T is isomorphic
to a finite direct sum of fields. Hence S/Nil(S) is regular. Thus
5 is w-regular.

Example 2. Let R be a semicommutative Artinian ring. Since J(R)
is nilpotent and Nil(R) is an ideal of R, Nil(R)=J(R). We know that
R/NI1(R)=R/J(R) is isomorphic to a finite direct sum of simple

rings. But it is easy to see that a semicommutative simple ring is

a division ring. Thus R/Ni1{(R) is isomorphic to a finite direct sum

of division rings. Thus R/Nil(R) is reqular and therefore R is 7~

regular.
Example 3. Let R be a finite semicommutative ring. Then R

is Artinian and hence it is w-regular. In particular, all finite

commutative rings are T-regular ring.

Related Results.
A ring K is called (s,2)-ring [8] if every element in ¥ is a

sum of two units of K.
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The following Theorem gives a characterization of all
semicommutative (s,2)-rings.

Theorem 4. A rw-regular ring R is (s,2)-ring if and only if
every element in Id(R) is a sum of two units of R.

Proof. Suppose every element in IA{R) is a sum of two units of
R. Let xeR. Since R is wm-regular, x=su+w for some eeId(R), ueU(R},
and weNil{R} by Thecrem 3. S3ince e=v+r for some v,reU{RY,
w=vutrutv, Since weJ(R) and rueU(R), ru+weU(R). Thus x is a sum of
two units of R. The second direction is obvious.

In [4], it has been shown that if K is a w-regular ring whose
primitive factor rings are Artinian, and which does not have 2/2%2
ag a homomorphic image, then every element of K is a sum of two
units in K. However, for a semicommutative r-regular ring R, we
give an alternative proof of this fact.

Corollary 2. Let R be a m-reqular ring such that 2=(1+1)eU(R).
Then every element of R is a sum of two units in R.

Proof. Let eeld(R). Since (1-2e)(l-2e)=1, 1-2ec¢U(R). Since
2eU(R}, e 1is a sum of two units. Hence by Theorem 4 the claim is

clear.
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